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LOW-COVERAGE €€EAT OF ADSORPTION 
I1 - ALKALI METAL ATOMS ON TUNGSTEN; "NARD-JONES 
ATOM-ATOM INTERACTION THEORY 
by Harold E. Neustadter, Keung P. Luke, and Thomas Sheahan 
L e w i s  Research Center 
A comparison of experimental values  of hea t  of adsorption ( i n  the  l i m i t  of 
zero coverage) f o r  sodium, rubidium, and cesium on a tungsten subs t ra te  i s  made 
with those ca lcu la ted  from an adaptat ion of t he  Lennard-Jones atom-atom i n t e r -  
ac t ion  p o t e n t i a l  t o  adsorption. 
necessary summations f o r  t h ree  spec i f i c  s i t e s  on the  (100) and (110) planes,  
and comparisons are made with ex i s t ing  approximation methods. 
A new method i s  presented f o r  performing the  
INTRODUCTION 
Considerable i n t e r e s t  i n  a l k a l i  metal  plasma f o r  power generation and 
space propulsion has  prompted extensive s tudies  of adsorpt ion ,of a l k a l i  metals 
on var ious substrates .  A requirement f o r  an adequate theory i s  the  specif ica-  
t i o n  of t h e  hea t  of adsorpt ion i n  t h e  l i m i t  of zero coverage. This r epor t  com- 
pares  experimental values of hea t  of adsorpt ion f o r  sodium, rubidium, and ces i -  
um on a tungsten subs t ra te  i n  the  l i m i t  of zero coversge ( t a b l e  I)  t o  calcula-  
t i o n s  made with the  appl ica t ion  of t h e  Lennard-Jones in t e rac t ion -po ten t i a l  
function. The p o t e n t i a l  func t ion  parameters a r e  evaluated, and results are 
i ndi c a t  e d. 
TABU! I. - EXPERDENTAL ZERO-COVERAGE 
HEATS OF ADSORPTION 
Source 
Bosworth (ref. 1) 
Hughes (ref. 2) 
de Boer and Veenemans 
Taylor and Langmuir 
Becker (ref. 5) 
(ref. 3) 
(ref. 4) 
S o d i u m  R u b i d i u m  





The use of an interatom poten- 
t i a l  i s  based on (1) es tab l i sh ing  
the  r e l a t i o n  governing the  i n t e r -  
ac t ion  between one a l k a l i  atom and 
one tungsten atom and ( 2 )  s m i n g  
t h i s  i n t e rac t ion  over a l l  atoms i n  
the  tungsten substrate .  This as- 
sumes addi t iv i ty  of t he  separate  
in t e rac t ions  and neglec ts  any ef-  
f e c t  one tungsten atom might have 
on another because of t h e  presence of the  adsorbate.  
t i o n  apparently neglec ts  t h e  meta l l ic  nature  of t he  subs t ra te ,  t h i s  model never- 
t h e l e s s  i s  appl icable  t o  adsorpt ion on a m e t a l  a t  high temperatures ( r e f s .  6 
and 7 ) .  
While t h e  second assump- 
There have been many i n t e r a c t i o n  p o t e n t i a l s  proposed (ref. 8) .  O f  p a r t i c -  
ular i n t e r e s t  i s  the  Lennard-Jones 6-12 p o t e n t i a l  
where e12 i s  the  energy a t  equilibrium, and 012 i s  ( t o  a c lose  approxima- 
t i o n )  t h e  d is tance  of c l o s e s t  approach of the  two a t 0 m s . l  
i n  appenaix A. ) 
(Symbols a r e  defined 
The i n t e r a c t i o n  energy between one adsorbed atom and the  e n t i r e  metal sub- 
s t r a t e  i s  obtained by summing equation (1) over a l l  the  atoms i n  the  metal: 
The authors  of t h i s  r epor t  have been ab le  t o  express t h i s  sum i n  a form 
t h a t  permits i t s  r igorous ca l cu la t ion  as a func t ion  of t he  d is tance  z from 
the  plane through t h e  centers  of t h e  atoms of the  outermost l aye r  of subs t ra te  
t o  the  center  of the  adsorbed atom. The use of t he  Lennard-Jones p o t e n t i a l  i n  
t h i s  manner has  the  d i s t i n c t  advantage over previous works ( re f .  9 )  of dis- 
t i gu i sh ing  between any two adsorpt ion sites and between any two exposed sub- 
s t r a t e  surfaces.  Equation ( 2 )  can be r ewr i t t en  as 
The heat  of adsorpt ion cp 
t he  system i s  i n  equilibrium. Therefore, cp i s  the  minimum value of cp(ri) 
considered as a func t ion  of z. Or, 
i s  the  bond energy of t he  adsorbed atom when 
cp = 46 (s ) 1 2  12-6 min (4) 
'Another interatom p o t e n t i a l  i s  the  angle-independent Stockmeyer po ten t i a l  
( r e f .  3) for i d e n t i c a l  p a r a l l e l  polar  molecules: 
where % i s  the  molecule dipole  moment, and a i s  i t s  po la r i zab i l i t y .  This 
would be of i n t e r e s t  i n  an extension of the  method of t h i s  sec t ion  t o  include 
the  e f f e c t s  of t he  in t e rac t ion  of neighboring adsorbed p a r t i c l e s .  
2 
where (S12-6)min i s  s12-6 a t  t h a t  value of z f o r  which 8(sl2-6)/az = 0. 
CALCULA.TI0NS 
as O12 The usual combining rule ( r e f .  8 )  gives 
while 
term i n  equation (1) with t h e  dispers ion force  derived by Kirkwood (ref. 10)  
and Muller ( r e f .  11) to give 
€12 i s  evaluated ( see  appendix B )  from a compazison of t he  a t t r a c t i v e  
Subs t i tu t ion  of numerical values r e s u l t s  i n  
0.093 CLA 
1 . 9 5 7 e )  + 0.393 
('12 - 6 )min 
c p =  1/ 2 ( 7 )  
The d e t a i l s  of t h e  s m a t i o n  technique employed i n  evaluating S12-6 are 
Lattice constant, 
a0 - 
0 +----yc 0 
0 L----r 0 
0 I MA + B o  
0 0 0 
0 Atom on surface layer 
0 Atom o n  second layer 
r - -1  I f Unit cell 
L - - A  




0 0 . 0 .  
a o [ o  0 0 o 
0 MA,,% 0 
0 0 v ' o  0 
0 0 ,xc 0 0 
' K B  
'. 
0 0 0 . 0  
given i n  appendix C.' 
uat ions of S12-6 and (S12-6)min 
were performed f o r  th ree  s i t e s  
(A, B, and C of f ig .  1) on both 
the  (100) and (110) planes. The 
r e s u l t s  a r e  shown i n  t a b l e s  I1 
and 111. Because the  process of 
preparing and aging tungsten 
emi t te rs  transforms the  exposed 
surface i n t o  e s s e n t i a l l y  a (110) 
plane (refs. 4, 5, and E), t he  
ca lcu la t ions  involving equa- 
t i o n  ( 7 )  were done f o r  the  (110) 
plane only. Similarly,  only the  
model of an atom i n  the  center  of 
The eval-  
0 0 0 0 0 0 . 0 .  t he  un i t  c e l l ,  t he  loca t ion  t h a t  
corresponds to t h e  s i t e  of t h e  
s t rongest  bond ( s i t e  A of 
fig. 1 (b ) ) , was used in the pres- 
en t  ca lcu la t ion  of cp. That s i te  
(a1 (1001 plane. (bl (110) plane. 
Figure 1. - (100) and (1101 planes of body-centered cubic metal with lattice 
constant a,. (See appendix C. I 
'Care w a s  taken to perform the  summations i n  a general  form to make the  
r e s u l t s  appl icable  to any body-centered cubic substrate .  
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TABLE TI. - VALUES FOR EQUATIONS ( C l )  and (C2) 
[E-01, E-02, E-03, etc., denote exponents lom2, etc., re- 
spectively; E 01, E 02, E 03, etc., denote exponents of 101, 102, 
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A corresponds t o  t h e  s t rongest  bond can be seen from f i g u r e  2, i n  which, f o r  a 
given value of 
lowest ( l a r g e s t  absolu te )  value for (SIZ-G)min. 
o12/ao (for a given physical  system), pos i t i on  A y i e l d s  the  
The results of t h i s  summation method are compared with those of two 
approximate methods i n  appendix D. Both approximation techniques have the  
drawback of being unable t o  d is t inguish  between d i f f e r e n t  adsorpt ion s i tes .  
must be known t o  use equa.tion ( 7 ) ,  t he re  a re  no uniquely Although aA 
determined values f o r  t he  p o l a r i z a b i l i t y  ( see  t a b l e  I V ) .  
c a t ion  of equation ( 7 )  necessar i ly  reduces t o  a parametric study of 
funct ion of a,. The r e s u l t s  ( t a b l e  V )  show t h a t  reasonable values  of cp a r e  
obtained from equation (6) when t h e  experimental values  of 
Therefore, t he  appl i -  
cp as a 
a axe used. 
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TABLE 11. - Concluded. VALUES FOR EQUATIONS (Cl) and (C2) 
[E-01, E-02, E-03, etc., denote exponents lom1, etc., re- 
spectively; E 01, E 02, E 03, etc., denote exponents of lo1, lo2, 
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1 7  
18 
1 9  
20 
2 1  
22 
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The Lennard-Jones interatom p o t e n t i a l  can be used i n  conjunction with a 
phys ica l  model based on a d i s c r e t e  adsorption s i t e  on t h e  (110) plane of a 
per fec t  c r y s t a l  t o  obtain values of cp i n  agreement with experimental values. 
The p a r t i c u l a r  advantages of t h i s  approach l i e  i n  i t s  a b i l i t y  t o  d is t inguish  
between any two adsorpt ion s i t e s  and between any two exposed subs t ra te  SLIT- 
faces .  Because of t h i s  unique f ea tu re  it can be shown t h a t  the  i n t u i t i v e  ad- 
sorpt ion s i te  corresponding t o  the  loca t ion  of an atom i n  the  center  of t he  
u n i t  c e l l  ( s i t e  A of f i g .  l ( b ) )  i s  ac tua l ly  the pos i t ion  of t he  s t rongest  ad- 
sorpt ion bond. 
Unfortunately, t he  experimental values of cp had t o  be co l lec ted  from a 
5 
TABLF 111. - T;E"ARD-JONES INTERACTION ENERGY SUMMATION AND 
NOFMALIZED EQUILIBRIUM DISTANCE FOR ADSORPTION ON 
BODY-CENTERED CUBIC SUBSTRATE 
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1 . 4 7 5  
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S i t e  B 
: %2- 6 )mir 
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S i t e  C 
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.853 
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variety of experimental techniques and laboratory conditions of numerous 
workers. It must also be recognized that except f o r  cesium adsorption there is 
only one reported value for each system. The results of this study must neces- 
sarily be considered within the framework of these limitations. 
Lewis Research Center 
National Aeronautics and Space Administration 
Cleveland, Ohio, June 1, 1964 
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TABLE 111. - Concluded. LEJXNARD-JONES INTERACTION ENERGY SUMMATION 
AND NORMALIZEO EQJJILIBRIUM DISTANCE FOR ADSORPTION 
ON BODY-CENTEGD CUBIC SUBSTRCLTE 
(b) (110) plane 











































































































































S i t e  C 






























































Salop, Pollack, and 
Bedesson (ref. 13) 
Chamberlain and Zorn 
( r e f s .  14 and 15)  




in te rac t ion  
€12 energy 
i s  evaluate( 





















1 .112  
1 .112  
aEq. (6 )  i s  eq. ( 4 )  with 4E12(01; 
bSee t a b l e  I. 














Electronic  polariza- 
b i l i t y ,  a, A3 
Calcu- 
l a t e d  










From l i t e r -  
a ture  
( c )  
17.5 t o  23 
34 t o  50 
42 t o  68 
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SYMBOLS 
adsorption s i t e s  of f i g .  1 
l a t t i c e  constant 
defined by eq. (B4)  
speed of l ight  
dis tance between planes i n  subs t ra te  mater ia l  
atom-atom a t t r a c t i v e  in t e rac t ion  energy 
Lennard-Jones in t e rac t ion  po ten t i a l  funct ion 
e lec t ron  charge 
Mil ler  indices ,  e.g. ,  (loo), (110) 
Plank’s  constant divided by 2n 
ion iza t ion  po ten t i a l  
defined by eq. ( C 3 )  
defined by eq. (C14) 
d “ y  ind ices  
molecule dipole  moment 
atomic volume densi ty  
number of e lec t rons  i n  atom 
spec i f i c  adsorption site, e.g., s i te  A, B, or C of f i g .  1 
distance from metal surface t o  nucleus of adsorbed atom 
interatom dis tance 
dis tance from adsorbed atom t o  i th subs t ra te  atom 
defined by eq. ( C l )  
defined by eq. ( C 2 )  
9 
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‘12- 6 defined by eq. (C13) 
(S12-6)min defined by eq. (C15) 
Z normal d is tance  from subs t ra te  t o  adsorbed atom 
a e l ec t ron ic  p o l a r i z a b i l i t y  
t o t a l  i n t e r a c t i o n  energy between atoms 1 and 2 a t  equilibrium 
defined by eqs. (C7) ,  ( C 9 ) ,  and (Cll), respec t ive ly  
E l 2  
AO’A, A2 
e lec t ron  rest mass 
atomic surface dens i ty  
Lennard-Jones parameter of eq. (1) r e l a t e d  t o  s i zes  of atoms 1 
and 2 O12 
defined by eq. ( l a )  
hea t  of adsorpt ion i n  l i m i t  of zero coverage cp 
d.i) energy of i n t e r a c t i o n  between atom and metal as funct ion of d i s -  
tance between them 
X diamagnetic s u s c e p t i b i l i t y  
(X) 
Sub sc r i p t  s : 
t h i r d  de r iva t ive  of the  Reimnn-Zeta funct ion 
A adsorbed atom 




EVALUATION OF TOTAL INTEBACTION ENERGY BETWEEN TWO ATOMS 
The forces  between atoms can be divided i n t o  a t t r a c t i v e  and repuls ive com- 
ponents. The a t t r a c t i v e  fo rce  i s  long range and a r i s e s  from t he  in t e rac t ion  of 
t he  instantaneous d i s t r i b u t i o n s  of t h e  charges of t he  two neu t r a l  atoms 
( r e f .  8) .  
d i s t r i b u t i o n  of each neu t r a l  atom i n  a multipole expansion and r e t a in ing  only 
the leading, or dipole-dipole,  term. This po ten t i a l  i s  then used i n  a quantum- 
mechanical v a r i a t i o n  procedure t o  obta in  an expression f o r  energy. London 
( r e f .  1 7 )  derived such an expression, 
It i s  der ivable  from an in t e rac t ion  p o t e n t i a l  by expanding the  charge 
His result w a s  followed by  those of S l a t e r  and Kirkwood ,(ref. 18), 
- 3e-K a ~ a ~  
E = -  l/ 2 l/ 2 
2fi6(:) +(:) 
and of Kirkwood ( r e f .  10) and Muller ( r e f .  ll.), 
Equations ( B l )  t o  ( B 3 )  are of t he  form 
E = -  c6 
6 r 
where 
This form i s  t h e  same as t h e  a t t r a c t i v e  par t  of equation (1) with 4E12(~I12)~  
replaced by 'c6' Thus, q2 w a s  evaluated from each of equations ( B l )  t o  ( B 3 )  
i n  turn.  Calculat ions of CL from equation ( 4 )  were then made i n  every case. 
Only ca l cu la t ions  based on the  Kirkwood-Muller formula (eq. ( B 3 ) )  y ie lded r e -  
sults i n  agreement with experimental da ta  ( t a b l e  v). This i s  cons is ten t  with 
the  r e s u l t s  of o ther  s tud ie s  (refs. 19 and 20) .  
C6 i s  a func t ion  of t he  atomic proper t ies  of t h e  cons t i tuent  atoms. 
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APPENDIX C 
SUMMATIONS ADD RELATED WORK FOR APPLICATION OF LE--JONES 
INTERATOM P0"TIAL TO ADSORPTION 
An atom i s  a t  a d is tance  z above a poin t  P on t h e  ( h k Z )  plane of a 
body-centered cubic c r y s t a l  of l a t t i c e  constant ao. The interatomic d is tance  
between t h i s  atom and the  ith c r y s t a l  atom is denoted by ri. It i s  desired 
t o  perform the  following two summations f o r  the  (100) and (110) c r y s t a l  planes 
over the  po in t s  A, B, and C ( f i g .  1): 
i=l 
The o r ig in  of z i s  on the  plane passing through the  centers  of t he  outer-  
most layer  of t he  c r y s t a l  atoms, and z i s  divided i n t o  u n i t s  of ao/10 so 
t h a t  
2 = 0,1,2, . . . (c3) Z = -  l o  a. 
S6(100,A, 2 )  = 4 
p=O, m = l ,  n=1, P=l ,  
p=even m=odd n=odd p=odd 
















J n = l ,  n=odd 
m=l, n=2, 
m=odd n=even 
1 2  
S6(1o0,C, 2 )  = 4 
p=l, m = l ,  n=l, n=O, n=2, 





cc c s 6 ( 1 1 0 , ~ , 2 )  = z 




A 2 = 2 ( g 2 + p y  +&+S 4 2 
and 
13 
The corresponding formulas f o r  S12 
t h e  sums (C3) to (C12) from 6 to 12.  
t a b l e  I1 (pp. 4 and 5).  
a r e  obtained by changing the  exponents i n  
Resul t s  of these  summations are given i n  
The Lennard-Jones 6-12 p o t e n t i a l ,  when appl ied to adsorption, involves 
both of these  summations i n  t h e  spec i f ic  form 
I 
- '61 (hk2)  J p J  l1) (c13) 
A t  equi l ibr ium the  adsorbed atom i s  located a t  ZminJ which i s  t h a t  value 
of 2 f o r  which S12-6 i s  a minimum. Mathematically Zmin i s  defined by 
and 
For each value of al2/aO the re  i s  one corresponding value 2 = Zmin for 
which s12-6 = (S12-6)min* 
14  
Plo t s  of (S12 G)min against  u12/ao f o r  t h e  s i x  cases of f igu re  1 (p. 3)  
a r e  shown i n  f igu re  2. The corresponding values a r e  l i s t e d  i n  t a b l e  I11 (pp. 6 





























1.6 .6  . 8  1.0 1.2 1.4 
Ratio of Lennard-Jones parameter to lattice constant, ol$ao 
(a) (100) plane. (b) (110) plane. 
Figure 2 - Reduced Interaction energy minimum (eq. (C13)) for body-centered cubic metals as function of reduced 
Lennard-Jones interatom parameter. (See fig. 1 and sppendix C. ) 
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APPENDIX D 
COMPARISON OF SUMMATION TECHNIQUE WITH APPROXIMATION METHODS 
'Figure 3 compares the results 









of the following three methods of evaluating 
for the (110) plane: 22 i 
(1) Polanyi's integral approximation 
(ref. 21). This method takes the nature 
of the substrate into account through the 
inclusion of €4, the atomic density; how- 
ever, it is insensitive to different ex- 
posed surfaces and to variations in the 
adsorbed-particle location. 
(2) Crowell's integration-summation 
method (ref. 22). The crystal lattice is 
approximated by a set of planes in which 
the Lattice atoms are distributed with 
uniform density CJ. The sum is then re- 
placed by an integration over each plane 
and a summation of the separate planes. 
This has the advantage of distinguishing 
between different exposed surfaces; how- 
ever, it does not distinguish between dif- 
ferent adsorption sites. 
(3) The direct summation method (ap- 
pendix C). This approximation considers 
the exposed surface and the location of 
the adsorbed site. 
The final expressions for each ap- 
proximation are as follows: 
1 2 4 
Ratio of distance from surface to one- 
half lattice constant, ZhdB 
Figure 3. -Three methods of evaluating summation indi- 
cated in  equation (C1) plotted against reduced distance 
from surface for plane (110). (See appendix D.) 
Polanyi : 
Cr owell : 
16 
Direct  summation : r 
n=l, m=l,  n=l,  
n=odd (mt-n=odd) 
where (5 i s  the  surface dens i ty  of the subs t ra te  




x) i s  the  
i s  the  dis tance be- 
t h i r d  der iva t ive  of 
t h e  Reimann-Zeta function. Equation ( C 9 )  gives hl. 
general ly  too smaU by about 50 percent. 
good, bu t  it lacks  a b i l i t y  t o  d is t inguish  between d i f f e r e n t  adsorption si tes on 
t h e  subs t ra te  surface. 
Results i n  f i g u r e  3 show t h a t  t h e  Polanyi method gives  values t h a t  a r e  
The Crowell approximation i s  very 
1 7  
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